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Math 10/11 Enriched: Section 7.1 Graphing Circles and Ellipses

1. Given each equation below, graph it on the grid provided:

a) X*+y* =36

b) (x+2)" +(y+2)" =25

0) (x—3)2+(y+;)2=9

Cente!‘: Area: Center: Area: Center: Area:
Domain: Range: Domain: Range: Domain: Range:
2 2 2 2 2 2
X - -3) =
A o) (x+2) +(y 1) 1 f) 36(x+2) +49(y—3) =1764
25 16 16 49
Center: Area: Center: Area: Center: Area:
Domain: Range: Domain: Range: Domain: Range:

g) x> —10x+ y* +8y =37

h) 25x* —=50x +4y* +16y =59

i) 10x* +9y* +20x —36y =44

Center:
Domain:

Area:
Range:

Center: Area:

Domain: Range:

Center: Area:

Domain: Range:
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Given that the endpoints of a diameter are (—3,11) and (8,—7), what is the equation of the circle?

X2 2
Given the equation of the ellipse 3x* —8x+2y*+10y = 20, conver it to the form of —2+§ =1
a

2 2
Which of the following has a greater area and by how much? (x+2)2 +(y—3)2 =25 or %Jr;/_G:l?

2 2
X
If “P” is any point on the ellipse E+y7 =1, “Q” has coordinates (\/5,0) and “S” has coordinates

(—J§,o), then find PS +PQ.

Find the distance between the foci of the conic section whose equation is: 4x* +8x+13 =3y’ —18y

For what values of “k” will the following equation be an ellipse? 3x? +15xy + ky2 =1025

What are the coordinates, in the form of (x,y) of the vertex of the given conic section that is farthest

2 2
(x+2) +(y—5) 1
16 36

from the origin?

What are the coordinates of the point on the grap of x2+ y2 = 1 that is nearest to (3,4)?
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10. The circle defined by the equation (x+4)2 +(y—3)2 =9 is moved horizontally until its centre is on

the line X=6. How far does the centre of the circle move?

2 2

X
11. What are the coordinates of the point “P” on the lower half of the graph of the ellipse I+y3 =1

for which ZAOP, determined by points A(2,0), 0(0,0), and P, has a measure of 60°?

12. What is the area of the shape bounded by the curve: 4x* —8x+y*+4y=07?

13. Square OABC is drawn with vertices as shown. Find the equation of the circle with the largest area
that can be drawn inside the square. ..

Y

B0, 4)

0(0, 0)

(x+3)° (y-9) _
16 25

1

14. What is the area of the ellipse defined by

15. A point moves so that the sum of its distances from (—2,—4) and (2,-4) is 16. Find the coordinates

of the endpoint of the minor axis that is below the major axis.

Copyright All Rights Reserved at Homework Depot www.BCMath.ca 3
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2 2
X
16. Consider the graph of 2_5+])./_6 =1. A circle is graphed which contains the endpoint of the major axis

and the highest endpoint of the minor axis. Find the center of the circle.

17. The graph of 2x* + xy +3y* —11x— 20y + 40 =0 is an ellipse in the first quadrant of the xy-plane. Let
“a” and “b” be the maximum and minimum values of y over all points (x,y) on the ellipse. What is
X

the value of a+Db ? s

18. What is the greatest possible value of “a” for which there is at least one real solution (x,y) to the
system x°+y’=1and x’y’=a?

19. In the coordinate plane, any circle which passes through (-2,-2) and (1,4) cannot also pass through
(x,2006). What is the value of “x”?

20. Challenge: The circles (x— p)2 +y? =r? has centre “C” and circle X* +(y— p)2 =r? has centre “D”.
The circles intersect at two distinct points “A” and “B”, with x-coordinates “a” and “b”, respectively.
Euclid

a. Provethat a+b=p and a’+b’=r’

b. If “r” is fixed and “p” is then found to maximize the area of quadrilateral CABD, prove that
either “A” or “B” is the origin.

c. If“p” and “r” are integers, determine the minimum possible distance between “A” and “B”.

o, n
r

Find positive integers “p” and “r”, each larger than 1, that give this distance.

Copyright All Rights Reserved at Homework Depot www.BCMath.ca 4
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4-5. What are the coordinates of the point on the graph of * + y? =1 |
that is nearest to (3.4)7 [

55 AMC 12 B 2004 5

21. The graph of 222 4+ zy + 3y? — 11z — 20y + 40 = 0 is an ellipse in the first

quadrant of the xy-plane. Let a and b be the maximum and minimum values of

2 over all points (r,y) on the ellipse. What is the value of a + b?

(A) 3 (B) VI0 (©) 1 (D) 3 (B) 213

PART B

1. The points A(—8,6) and B(—6, —8) lie on the circle 22 + y* = 100.

(a) Determine the equation of the line through A and B.
(b) Determine the equation of the perpendicular bisector of AB.

(c) The perpendicular bisector of AB cuts the circle at two points, P in the first quadrant
and (Q in the third quadrant. Determine the coordinates of P and Q.

(d) What is the length of PQ? Justify your answer.

Copyright All Rights Reserved at Homework Depot www.BCMath.ca 5
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10. A point moves so that the sum of its distances
from (-2, —4) and (2,4) 1s 16. Find the
coordinates of the endpoint of the minor axis
that is below the major axis. [wﬁ__zvﬁ)

-5 T8

2 2
17. Consider the graph of I—'_ + ¥ _1. A circle

15)
is graphed which contains the endpoints of the
major axis and the highest endpoint of the minor

axis. Find the center of this circle. = s,
W —F!

2. In the diagram, the circle 2% + y? = 25 intersects
the z-axis at points A and B. The line # = 11
intersects the xr-axis at point C'. Point P moves
along the line » = 11 above the z-axis and AP
intersects the circle at Q.

(a) Determine the coordinates of P when
AAQB has maximum area. Justify your
answer.

(b) Determine the coordinates of P when @ is
the midpoint of AP. Justify your answer.

(¢) Determine the coordinates of P when the
area of ANAQB is % of the area of AAPC.
Justify your answer.

Challenge COMC #4
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4. A cat is located at ', 60 metres directly west of a mouse located at M. The mouse
is trying to escape by running at 7 m/s in a direetion 30° east of north. The cat, an
expert in geometry, runs at 13 m/s in a suitable straight line path that will intercept
the mouse as quickly as possible.

()

(b)

If t is the length of time, in seconds, that it
takes the cat to catch the mouse, determine
the value of t.

Suppose that the mouse instead chooses a
different direction to try to escape. Show that
no matter which direction it runs, all points of

interception lie on a circle. 13 m’s 307
7mfs
(¢) Suppose that the mouse is intercepted after W= C 0m | M > E
running a distance of d; metres in a particular ' "
direction. If the mouse would have been S
intercepted after it had run a distance of d»
metres in the opposite direction, show that
dy + dy > 14+/30.
Contest Year Number Answer
Amc 12 2002 18
Amc 12 2005b 14
CNML 2005/2006 Contest #5 #5
CNML 2005/2006 Contest #6 #5
Copyright All Rights Reserved at Homework Depot www.BCMath.ca 7
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5-5. In the coordinate plane, any circle which passes through (-2,-2)
and (1,4) cannot also pass through (x,2006). What is the value of x?

18. Let €} and C5 be circles defined by
(z —10)* +4* =36
and
(z+15)% 4+ 2 = 81,

respectively. What 1s the length of the shortest line segment P() that 1s tangent
to C'7 at P and to (s at Q7

(A)15 (B)18 (C)20 (D)21 (E)24

55t AMC 12 B 2004 5

21. The graph of 222 + zy + 3y? — 112 — 20y + 40 = 0 is an ellipse in the first
quadrant of the xy-plane. Let a and b be the maximum and minimum values of
4 over all points (x,y) on the ellipse. What is the value of a + b7

(A) 3 (B) VIO (©) 1 (D) 2 (E) 2T

14. A circle having center (0, k), with k > 6, is tangent to the lines y = 2, y = —x
and y = 6. What is the radius of this circle?

(A) 62 -6 (B) 6 (C) 612 (D) 12 (E) 6+ 612
21. The graph of 222 + 2y + 3y> — 11 — 20y + 40 = 0 is an ellipse in the first

quadrant of the ry-plane. Let a and b be the maximum and minimum values ot
2 over all points (x, y) on the ellipse. What is the value of a + b7

(A) 3 (B) VIO (©) ] (D) (E) 2VT1
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?@\i (a)  The circle defined by the equation (x +4)% +(y —3]2 =9 is moved horizontally until its

I~

#

centre is on the line x =6. How far does the centre of the circle move?

2. In the diagram, the circle 22 4+ y2 = 25 intersects
the z-axis at points A and B. The line z = 11 Yy x=11
intersects the z-axis at point €. Point P moves
along the line # = 11 above the z-axis and AP P
intersects the circle at . Q

(a) Determine the coordinates of P when

MAAQEB has maximum area. Justity your A€/ Iz C

answer.

(b) Determine the coordinates of P when @ is
the midpoint of AP. Justify your answer.

(c) Determine the coordinates of P when the

area of ANAQB 1s % of the area of AAPC.

Justify your answer.

1. The points A(—8,6) and B(—6, —8) lie on the circle 2> 4 y* = 100.

(a) Determine the equation of the line through A and B.
(b) Determine the equation of the perpendicular bisector of AB.

(c) The perpendicular bisector of AB cuts the circle at two points, P in the first quadrant
and @ in the third quadrant. Determine the coordinates of P and Q).

(d) What is the length of PQ? Justify your answer.

9. \ The circle (z —p)2 + 42 = 2 has centre C and the circle 2 + (y— p)'2 = 2 has centre D.
“— The circles intersect at two distinct points A and B, with z-coordinates a and b, respectively.

(a) Prove that a + b = p and a2 + b2 = 2.
(b) If r is fixed and p is then found to maximize the area of quadrilateral C'A DB, prove that

either A or B is the origin.
(c) If p and r are integers, determine the minimum possible distance between A and B. Find

positive integers p and 7, each larger than 1, that give this distance.

7. Eachofthe points P(4,1), Q(7,~8) and R(10, 1) is the midpoint of a radius of the circle C. Determine
the length of the radius of circle C.
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Problem 4. Find a point (u,v) on the ellipse with equation 22+ 2y? = 1 such that u
and v are rational, and each, when expressed as a reduced fraction, has a denominator
greater than 1000. Hint: Consider the line with slope m that passes through the
point (—1,0).

Substitute (x + 1)m for y in x? + 2y? = 1. After a little simplification, we obtain
(14 2m*)z? + 4m?z +2m* — 1 =0.

Now we could use the Quadratic Formula, or even, unusually, factorization, to solve for x. But
this is not necessary. For the product of the roots is (2m? — 1)/(1 + 2m?), and —1 is one of the
roots, so the other root is given by u = (1 — 2m?)/(1 + 2m?). The corresponding v is given by
v="2m/(1+2m?).

Note that if m is rational, then w and v are rational. (Parenthetically, if (u,v) lies on the ellipse,
with » and v rational, with u # —1, then the slope of the line joining (—1,0) to (u,v) is rational.
So all rational points (u,v) on the ellipse except for (—1,0) can be obtained through this process
with m rational.)

Now everything is easy. Take for example m = 100. That gives v = 19999/20001 and
v = 200/20001.

Comment. More interestingly, the same process can be used with the circle 2 + 42 = 1. We find that
apart from (—1,0), all the rational points (u,v) on the unit circle are given by u = (1 —m?)/(1+m?),
v = 2m/(1 +m?), where m ranges over the rationals.

What are the coordinates, in the form (x,y), of the vertex of the given conic

x+2) (y-5)
section that is farthest from the origin? ( T ) - ¢ % ) =1
2

e

2. ?@i (a)  The circle defined by the equation (x + 4)? +(y- 3]2 =9 is moved horizontally until its

I

centre is on the line x =6. How far does the centre of the circle move?

(x+3)" (v-4)y
6 25

What is the orea of the ellipse defined by 12

What is the area of the shape bounded by the curve: 4x° —8x+ y* +4y=0?
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2 a2
If P is any point on the ellipse % + UT =1,

() has coordinates ['VE._U) and S has coordinates

(—v/5.0), then find PQ + PS. |

Find the distance between the foci of the conic
section whose equation is:

Ar? 4 8r 4+ 13 = 3;?;2 — 18y 9,/71

6. For what values of & will the following eq
determine an ellipse?

3x% + 15xy + ky® = 1025

afsd

10. A point moves so that the sum of 1ts dista:
from (-2, —4) and (2,4) 1s 16. Find the
coordinates of the endpoint of the minor as
that is below the major axis. [wﬁ__zvﬁ)

-5 T8

C(-2,2)

B(0, 4)

A(2, 2)
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